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1. Introduction
Let X be a compact Riemann surface, or curve for short. Let g  2 be its genus, and G
its automorphism group. Then |G|  84(g − 1), the well-known Hurwitz bound. Curves
attaining this bound are called Hurwitz curves and the corresponding groups are called
Hurwitz groups. Recall that a finite group is a Hurwitz group if and only if it is generated
by three elements of orders 2, 3 and 7 whose product is 1. The only Hurwitz curves of genus
g < 14 are the famous Klein curve (of genus 3) and the MacBeath curve [Mb] of genus 7,
see [Co]. Their automorphism groups G = L2(7) respectively G = L2(8), act transitively
on their Weierstrass points. In this paper we prove that there are no other Hurwitz curves
with this property, except possibly the Hurwitz curves of genus 14.
Among hyperelliptic curves there are infinitely many examples of curves with G tran-
sitive on the Weierstrass points. We expect no other infinite family of curves with this
property to exist. This paper is a first step towards their classification.
Our main tool is a lemma of Schoeneberg which provides a purely group-theoretic cri-
terion for the construction of certain Weierstrass points, namely condition (Wp) below.
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Let G be a finite group and p a prime.
Definition 2.1. G has property (Np) if it has an element x of order p with
[
NG
(〈x〉) : 〈x〉] 4.
G has property (Wp) if p divides |G| and G does not satisfy (Np).
Lemma 2.2. Let Sp be a Sylow p-subgroup of G and H a normal p′-subgroup of G. Let
G¯ = G/H and S¯p = SpH/H . Then
[
NG¯(S¯P ) : S¯p
]

[
NG(Sp) : Sp
]
.
Proof. Without loss of generality we may assume S¯p normal in G¯. Then SpH is normal
in G, hence by the Frattini argument
G = SpHNG(Sp).
Thus
G¯
S¯p
∼= G
SpH
∼= NG(Sp)
SpH
∩ NG(Sp).
The latter is a homomorphic image of NG(Sp)/Sp . 
Corollary 2.3. Suppose p > 3.
(i) If G has Sylow p-subgroups of order at least p2, then it satisfies (Wp).
(ii) If a homomorphic image of G satisfies (Wp), then so does G.
Proof. (i) follows because the normalizer of a subgroup of order p in a Sylow p-subgroup
has order at least p2. Thus for (ii) we may assume |Sp| = p. Now use the lemma.
Lemma 2.4. Let G be a simple Hurwitz group.
(i) Suppose G satisfies (N2) and has Sylow 2-subgroups of order  8. Then G is L2(7)
or L2(8).
(ii) Suppose G satisfies (N3) and has Sylow 3-subgroups of order 3. Then G is L2(7)
or L2(13).
Proof. Let P2 (respectively P3) be a Sylow 2-subgroup (respectively Sylow 3-subgroup)
of G. Recall that P2 cannot be cyclic (since a cyclic permutation of even length is odd, as
applied to the regular representation of G).
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tary abelian. By the Brauer–Suzuki theorem [BS], P2 cannot be quaternion of order 8.
By [I2, Corollary 9.17], P cannot be C2 × C4. If P2 is dihedral of order 8, then by [I1,
Theorem 7.10], the order of G is 168 or 360. As G is Hurwitz it follows that G ∼= L2(7).
We can now assume P2 is elementary abelian of order 4 or 8. Let N := NG(P2). By
Thompson’s index 2 lemma (see [I1, 7.11]), P2 is contained in the commutator subgroup
N ′ of N . By the Schur–Zassenhaus theorem, P2 has a complement D in N . Let D¯ be
the group of automorphisms of P2 induced by D. If D¯ = 1 then N ∼= P2 × D, hence
N ′ D—a contradiction. Thus D¯ has odd order > 1. If |P2| = 4 it follows immediately
that all involutions in P2 are D¯-conjugate. The same holds if |P2| = 8 and D¯ contains an
element of order 7. If |P2| = 8 and D¯ contains no element of order 7 then |D¯| = 3, which
again contradicts the condition P2 N ′.
We have shown that all involutions in G are conjugate. Thus condition (N2) implies
that |CG(x)|  8 for all x ∈ P2. Then CG(x) = P2. By the Brauer–Suzuki–Wall theorem
[BSW] it follows that G is isomorphic to L2(4) or L2(8). This proves (i).
Proof of (ii). If |P3| = 3 it follows from Burnside’s transfer theorem [I1, 8.23], that
|NG(P3)/CG(P3)| = 2. This together with N3 implies that |CG(P3)| = 3 or 6. In the for-
mer case Feit and Thompson [FT] show that G is isomorphic to A5 or L2(7). In the second
case Stewart [St] shows that G is isomorphic to L2(11) or L2(13). Part (ii) follows as A5
and L2(11) are not Hurwitz groups. 
Lemma 2.5. Let G be a Hurwitz group. Let x, y ∈ G with x (respectively y) of order 2
(respectively 3) such that G = 〈x, y〉.
(i) Suppose |CG(x)|  8, and G has Sylow 2-subgroups of order  8. Then G is L2(7)
or L2(8).
(ii) Suppose G satisfies (N3) and has Sylow 3-subgroups of order 3. Then G is L2(7),
L2(13), or AGL3(2) (a split extension of an elementary abelian group of order 8
by L2(7)).
Proof. Let K be a maximal normal subgroup of G. Then G¯ := G/K is a simple Hurwitz
group. For every g ∈ G let g¯ denote its image in G¯.
By [I1, Corollary 2.24] we have
∣∣CG¯(g¯)
∣∣
∣∣CG(g)
∣∣ (1)
for every g ∈ G \ K . In case (i) (respectively (ii)) it follows from (1) (respectively
Lemma 2.2) that G¯ satisfies (N2) (respectively (N3)). Hence G¯ is as in the conclusion
of the previous lemma.
Proof of (i). Assume now the hypothesis of (i). The order of G¯ is divisible by 8 and thus
K has odd order. Moreover all involutions in G are conjugate. Therefore the centralizer of
x is a Sylow 2-subgroup of G and has order 8.
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contained in K . Then M is elementary abelian of order qd > 1, q a prime and q > 2. Then
CG(x) ∩ M = 1, hence x acts as −1 on M . Thus [x,G] centralizes M . Since [x,G] does
not lie in K , it follows that CG(M) is not contained in K . Thus G = CG(M) · K and so
G/CG(M) is solvable. Since every Hurwitz group is perfect it follows that G = CG(M),
contradicting CG(x) ∩ M = 1.
Proof of (ii). Our hypothesis and the fact that 3 divides |G¯| imply (3, |K|) = 1. In partic-
ular this implies that for every prime r dividing |K| the group K has a y-invariant Sylow
r-subgroup.
Let p be a prime dividing |K| and P a Sylow p-subgroup of K . We have G = KNG(P )
by the Frattini argument. This implies that G¯ is a quotient of NG(P ). Let Vp = P/Φ(P )
be the Frattini quotient of P .
If y¯ centralizes Vp , then by Burnside’s basis theorem, it centralizes all of P and thus G¯
is a quotient of CG(P ). So in this case we have that |CG(y)|  |P ||CG¯(y¯)| which is too
big unless |P | = 2. Hence K = P is a 2-group. If |P | = 2 then G¯ = L2(7) and K has a
characteristic subgroup H of index 2 (and odd order). As G is perfect, so is G/H , which
implies that G = SL2(7); a contradiction as SL2(7) is not a Hurwitz group.
Therefore we may assume that for every prime p dividing |K| we have that G¯ is not a
quotient of CG(P ) and that y acts nontrivially on Vp . In particular we have that CG(P ) =
CK(P ). Thus we observe that NG(P )/(PCG(P )) acts faithfully on Vp by Burnside’s basis
theorem. We subdivide our analysis into two basic cases.
Case A. NK(P ) = PCG(P ) and hence Vp is a faithful G¯-module.
Case B. NK(P ) 	= PCG(P ).
We identify situations where we can force CP (y) 	= 1. To this end we subdivide our
cases further.
Case A1. p is odd and Vp is a G¯-module.
Here we observe that G¯ contains a subgroup A¯ isomorphic to A4 containing y¯. Now A¯
acts faithfully on Vp . As y¯ has fixed points on every faithful A¯-module we get CVp(y¯) 	= 1
and thus CP (y) 	= 1.
Case A2. p = 2 and V2 is a G¯-module.
In this case y¯ embeds into the Frobenius complement of a Frobenius subgroup F¯ of G¯
of order 21 respectively 39. Now F¯ acts faithfully on V2 and [y¯, F¯ ] = [F¯ , F¯ ]. Thus the
hypotheses of the Hall–Higman theorem, see [GLS, 11.14, p. 75], are fulfilled and thus we
have that CV2(y¯) 	= 1. Again CP (y) 	= 1.
Case B1. NK(P )/(PCG(P )) is not a 2-group.
In this case there exists an odd prime r and an y-invariant Sylow r-subgroup R of
NK(P ) with [Vp,R] 	= 1. In light of the (N3) hypothesis we may assume that [R,y] = R.
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[GLS, 11.14, p. 75], and consequently we have that CP (y) 	= 1.
Case B2. NK(P )/(PCG(P )) is a 2-group. Here we let π denote the natural projection of
NK(G)/(PCG(P )) onto G¯ and we let F¯ be as in Case A2. Now π−1(F¯ ) is solvable and
hence has a 2-complement D isomorphic to F¯ which contains y. Moreover D acts faith-
fully on Vp . As in Case A2 this implies that CP (y) 	= 1 provided that (p, |[F¯ , F¯ ]|) = 1.
Thus we see that CP (y) 	= 1 unless Case B2 holds and p = 7 (respectively 13) if G¯ =
L2(7) (respectively L2(13)).
If G¯ = L2(13), then as |CG¯(y¯)| = 6 we must have CP (y) = 1 for every Sylow
p-subgroup of K . If p = 2 and P 	= 1, then either Case B1 or Case A2 holds and hence
CP (y) 	= 1. This contradiction shows that |K| is odd. Now let p be an odd prime. Then, as
|K| is odd, Case B2 does not hold. So now either Case B1 or Case A1 holds and CP (y) 	= 1.
This contradiction forces P = 1. Thus we see that P = 1 for all Sylow subgroups P of K
and hence K = 1.
If G¯ = L¯2(7), then as |CG¯(y¯)| = 3 we have CP (y) = 1 if p is odd and CP (y)  2 if
p = 2. If p is odd and not equal to 7, then either Case A1, B1 or B2 holds and in every
case CP (y) 	= 1. This contradiction forces P = 1 and hence K is a {2,7}-group. Therefore
K is solvable and so either K/O2(K) or K/O7(K) is nontrivial. If K/O7(K) 	= 1, then
the argument in Case A1 shows that |CK(y)| 7; a contradiction to the (N3)-hypothesis.
Thus K/O7(K) = 1. Now if K/O2(K) = 1, then K = 1 and there is nothing to prove.
If K/O2(K) 	= 1 then the argument in Case A2 shows that |CK/O2(K)(y¯)|  2. We now
show that |K/O2(K)| = 8 as in our claim. To see this consider a G¯ invariant chief series of
K/O2(K); i.e., a G¯-invariant composition series of K/O2(K). Every chief factor of this
series is an irreducible G¯-module. Now if M is an irreducible G¯-module defined over F2,
then |CM(y¯)| = 2 if dim(M) = 1, or 3 and |CM(y¯)| = 4 if dim(M) = 8. From this and
Eq. (1) we see that |K/O2(K)|  8. As G is Hurwitz so is G/O2(K). So G/O2(K) is
perfect and |G/O2(K)|  1344 so using the library of perfect groups [HP] contained in
GAP we see that G/O2(K) is AGL3(2). Now we show that 7 does not divide |K|. The
action of G/O2(K) on O2(K)/O7(O2(K)) is faithful as K/O7(K) = 1. Now AGL3(2)
contains subgroups that are isomorphic to A4. Now arguing as in Case A1 we see that
O2(K)/O7(O2(K)) = 1, which implies that K is a 2-group. This is our claim. 
3. Weierstrass points and automorphisms of curves
Let X be a curve with automorphism group G and of genus g  2. Let W be the set of
Weierstrass points of X.
3.1. Schoeneberg’s lemma
Our main tool to find Weierstrass points is the following lemma of Schoeneberg [Sch].
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of genus g  2 has at least 5 fixed points then they are Weierstrass points.
This lemma has been used in many papers on Riemann surfaces, e.g. [Wa,Ro]. The
following group theoretic translation does not appear to be explicitly in the literature.
Remark 3.2. Let x be a point of X. It is well known that Gx , the stabilizer of x in G, is
cyclic. Let 1 	= τ ∈ Gx . The number of fixed points of τ on the G-orbit of x is
[
NG
(〈τ 〉) : (NG
(〈τ 〉)∩ Gx
)]
. (2)
If this expression is  5, then x is a Weierstrass point by Schoeneberg’s lemma.
If Gx is not a {2,3}-group, then we can choose τ such that 〈τ 〉 is a Sylow q-subgroup
of Gx for q > 3. If furthermore 〈τ 〉 is properly contained in a Sylow q-subgroup Pq of G,
then the criterion above shows that x is a Weierstrass point. Indeed the normalizer in Pq of
〈τ 〉 properly contains 〈τ 〉 and therefore expression (2) is  5.
3.2. Transitive group action on Weierstrass points
By [FK, p. 88], we have
|W | 2(g + 1).
The project of classifying all curves with transitive G-action on W splits into two main
subcases.
Case 1. W is a nonregular G-orbit.
In this case |G| 2|W | 4(g + 1). Therefore X is a curve with a large automorphism
group. Such curves have been studied by several authors, see the references in [MSSV,
Section 1.3]. In particular, it is known that X/G is a genus zero curve and G has exactly
three or four nonregular orbits on X, see [Br, Lemma 3.18]. Applying Remark 3.2 to the
nonregular orbits 	= W yields further restrictions on G.
Case 2. W is a regular G-orbit. Here Remark 3.2 applies to all nonregular orbits of G. In
this case |G| |W | 2(g + 1).
4. The case of Hurwitz curves
From now on we assume that X is a Hurwitz curve. Then G = 〈g2, g3, g7〉 where gi has
order i and g2g3g7 = 1. Moreover |G| = 84(g − 1). The group G acts on X with exactly
three nonregular orbits B2, B3, B7 with point stabilizers 〈g2〉, 〈g3〉, 〈g7〉, respectively.
If G satisfies (Wp) then Bp consists of Weierstrass points by Remark 3.2. Thus the
following proposition follows from Corollary 2.3.
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unique maximal normal subgroup H with G/H satisfying (N7).
To get similar results for B2 and B3 we need further geometric information: The
weighted number of Weierstrass points is g(g − 1)(g + 1), see [FK, pp. 87–88]. This gives
the orbit equation
g(g − 1)(g + 1) =
∑
j
wjnj , (3)
where the nj are the orbit lengths of G on the Weierstrass points and the wj the correspond-
ing weights. Thus the nj equal either 84(g − 1) or 42(g − 1) or 28(g − 1) or 12(g − 1)
(with each of the last three values occurring at most once). Canceling (g − 1) yields
g(g + 1) =
∑
j wjnj
(g − 1) . (4)
Example 4.2. Take X to be the Klein curve (respectively MacBeath curve) of genus
g = 3 (respectively g = 7). Then G = L2(7) (the smallest Hurwitz group) respectively
G = L2(8). Then the left-hand side of (4) is 12 (respectively 56) and the only possibility
for this equation to hold is that W = B7 (respectively W = B3) with weights equal to 1
(respectively 2).
Proposition 4.3.
(i) If B2 does not consist of Weierstrass points then G = L2(7) or L2(8).
(ii) If B3 does not consist of Weierstrass points then G is L2(7), L2(13), or AGL3(2)
(a split extension of an elementary abelian group of order 8 by L2(7)).
Proof. The orbit equation (4) implies 4|g(g + 1) (respectively 3|g(g + 1)) in case (i)
respectively (ii). Hence g − 1 is not divisible by 4 (respectively 3), which implies |P2| 8
(respectively |P3| = 3) (since |G| = 84(g − 1)). Now the claim follows from Remark 3.2
and Lemma 2.5. 
Corollary 4.4. The Klein curve, the MacBeath curve and possibly the Hurwitz curves of
genus 14 are the only Hurwitz curves with transitive G-action on W .
Proof. The Klein curve with G = L2(7) and the MacBeath curve with G = L2(8) have
exactly one G-orbit of Weierstrass points, see Example 4.2. For the Hurwitz curves of
genus 14 (with G = L2(13)), our group-theoretic methods do not suffice to decide whether
G acts transitively on W .
For the rest of this proof we may assume that G is not isomorphic to L2(7), L2(8)
or L2(13). Then B2 consists of Weierstrass points by Proposition 4.3. If G is not isomor-
phic to AGL3(2) then also B3 consists of Weierstrass points and so G is not transitive on
Weierstrass points.
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of the orbit equation (4) is not divisible by 7. It follows that nj = 12(g − 1) has to occur
on the right side with nonzero coefficient, i.e., B7 consists of Weierstrass points (as well
as B2). 
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